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Abstract
We define a class of transformations of the dependent and independent
variables in an ordinary difference scheme. The transformations leave the
solution set of the system invariant and reduces to a group of contact
transformations in the continuous limit. We use a simple example to
show that the class is not empty and that such “contact transformations
for discrete systems” genuinely exist.
1 Introduction
In a recent article [1] we proposed a definition of a contact transformation for
an ordinary difference scheme (O∆S) of order K
Ea({xk}, {yk}, k = n+M,n+M + 1, . . . , n+N) = 0 (1.1)
a = 1, 2 K = N −M + 1, n,M,N ∈ Z, N > M.
The Lie algebra of the symmetry group of contact transformations in [1] was
realized by vector fields of the form
X = ξn∂xn + φn∂yn (1.2)
where the functions ξn and φn satisfy the following conditions:
• They depend on J ∈ Z+ points (xn+k, yn+k), k = 0, 1, . . . J−1 with J ≥ 2
for at least one vector field in the symmetry algebra;
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• The Lie algebra should be integrable to a Lie group. This implies that all
coefficients in the J−th prolongation of the vector fields X should depend
only on (xn+k, yn+k), 0 ≤ k ≤ J , and not on any further points;
• In the continuous limit the algebra and the symmetry group of the O∆S
(1.1) should reduce to the Lie algebra and Lie group of the ordinary dif-
ferential equation (ODE) that is the continuous limit of (1.1).
It was shown in [1] that contact transformations satisfying theses conditions
do not exist. The theorems proven in [1] are difference analogues of Ba¨cklund’s
famous theorem [7] from which it follows that contact transformations can only
depend on the first derivatives. Indeed, those that depend on higher derivatives
are prolongations of point transformations [7, 10].
The negative result presented in [1] leaves open the possibility that a more
general class of transformations exists, that takes solutions of the O∆S (1.1)
into solutions, and reduces to contact transformations in the continuous limit.
The purpose of this article is to show that this is indeed the case.
In Section 2 we consider a general n − th order ODE and replace it by a
system of two lower order equations. We show that some point symmetries of the
system give rise to contact transformations for the original n-th order equation.
In particular we show that the point symmetries of the system u′ = v, v′′ = 0
give rise to the 10 dimensional invariance group of contact transformations of
the ODE u′′′ = 0.
In Section 3 we apply the same approach to difference systems. We discretize
system u′ = v, v′′ = 0 in a manner that preserves a 7-dimensional subalgebra
of its Lie point symmetry algebra. We then eliminate the variable v from the
system and obtain a third order O∆S for the variable u(x) allowing a group of
transformations that in continuous limit include contact transformations.
Section 4 is devoted to conclusions. We suggest there a less restrictive defi-
nition of contact transformations for O∆S then the one given in [1].
2 Contact symmetries of an ODE as a point
symmetries of a system of ODEs
Let us consider an m-th order ODE
u(m) = F (x, u, u′, . . . , u(m−1)), m ≥ 3. (2.1)
It can always be replaced by a system of lower order equations, for instance by
putting
u′ = v, v(m−1) = F (x, u, v, v′, . . . , v(m−2)). (2.2)
With this choice contact symmetries of (2.1) are reduced to point symmetries
of the system (2.2). The Lie algebra of point symmetries of the system (2.2) is
realized by vector fields of the form
X = ξ(x, u, v)∂x + φ(x, u, v)∂u + ψ(x, u, v)∂v (2.3)
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such that the prolongation pr(n−1)X of X annihilates the system (2.2) on its
solution set.
Since the solution sets of the single equation (2.1) and the system (2.2)
coincide the vector fields (2.3) will also generate symmetry transformations for
the ODE (2.1). Returning to the original variables in (2.3) we have
X = ξ(x, u, u′)∂x + φ(x, u, u
′)∂u + φ
(1)(x, u, u′)∂u′ . (2.4)
Thus, if ξ or φ in (2.3) depend on v then (2.4) will correspond to the first
prolongation of a contact transformation for the ODE (2.1) with
ψ(x, u, v) = φ(1)(x, u, u′). (2.5)
Proceeding in this manner we find all point symmetries of the system (2.2) and
some, if not all contact symmetries of the ODE (2.1).
Let us now consider the converse problem. Given a finite dimensional Lie
algebra of vector fields of the form (2.3), what is the most general system of
two second order equations of the form (2.2), invariant under the corresponding
group of point transformations? For simplicity we concentrate on the case of a
second order system, i.e. n = 3 in (2.1) and (2.2).
We choose a basis {X1, . . . , Xs} for the given Lie algebra and write the
second order prolongations of the basis vectors as
pr(2)Xi = ξi∂x + φi∂u + ψi∂v + φ
x∂u′ + ψ
x∂v′ + φ
xx∂u′′ + ψ
xx∂v′′ ,(2.6)
i = 1, . . . , s.
To find the differential invariants we must solve the system of quasilinear PDEs
pr(2)XiF (x, u, v, u
′, v′, u′′, v′′) = 0, i = 1, . . . , s. (2.7)
The system can be written as a system of equations in matrix form as
MU = 0, UT = (Fx, Fu, Fv, F
′
u, F
′
v, F
′′
u , F
′′
v ). (2.8)
“Strong invariants” are obtained if the matrix M has maximal rank rM =
min(N, 7). The number of such invariants is NS = 7−rM and they are invariant
on the entire jet space.
The rank ofM can be r < rM on some submanifold and then further invari-
ants, “weak invariants” can exist. The number of all invariants is N = 7− r.
Let us now consider a specific example for which all contact symmetries are
obtained from the point symmetries of a lower order system. The equation (2.1)
is specified to
u′′′ = 0 (2.9)
and the system (2.2) is
u′ = v, v′′ = 0. (2.10)
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Following a standard procedure [2] we find that the Lie point symmetry algebra
of (2.10) is isomorphic to the de Sitter algebra o(3, 2) realized by vector fields
with a basis:
X1 = ∂u
X2 = x∂u + ∂v
X3 = ∂x
X4 = x
2∂u + 2x∂v
X5 = x∂x − v∂v (2.11)
X6 = u∂u + v∂v
X7 = 2v∂x + v
2∂u
X8 = x
2∂x + 2xu∂u + 2u∂v
X9 = 2(xv − u)∂x + xv
2∂u + v
2∂v
X10 = 2x(2u− xv)∂x + (4u
2 − x2v2)∂u + 2v(2u− xv)∂v.
We shall denote the corresponding local Lie group G.
By construction (2.11) is the Lie algebra of point transformations of the
system (2.10). If we eliminate v from (2.10) we return to the single third order
ODE (2.9). Eliminating v in the same way from the vector field (2.11) we obtain
the first prolongation of the Lie algebra of contact symmetries of (2.9) in the
form (2.4).
Specifically for the vector fields (2.11), we see that ξ and φ do not depend
on v for X1, . . . , X6 and X8 so they will generate point symmetries for (2.1).
On the other hand X7, X9 and X10 turn into contact symmetries of (2.1) after
the substitution (2.5).
We mention that this is an alternative way of calculating the group of contact
symmetries for (2.9) to the standard one, used for example in Ref [3]. The result
is of course same.
Let us now consider the converse problem for the subalgebraL0 = {X1, . . . , X7}
where X7 generates a contact transformation for the ODE (2.9).
The matrix M of (2.8) has rM = 7 so the group corresponding to L0 has no
strong invariants.
However for u′ = v, v′′ = 0 we have r(M) = 5 and on this manifold the
system of ODEs (2.10) is invariant (or at least “weakly invariant”). Moreover,
applying the prolongations of X8, X9 and X10 to the system (2.2) we verify that
this system is invariant under the entire de Sitter group G ∼ O(3, 2). To sum
up, the only invariants of G ∼ O(3, 2) and G0 in this case are weak ones, namely
I1 = u
′ − v = 0, and I2 = v
′′ = 0. (2.12)
All subgroups of SO(3, 2) were classified into conjugacy classes in Ref [4].
The subgroup G0 ⊂ G corresponding to the Lie algebra L0 = {X1, . . . , X7} is
isomorphic to one of the 7 maximal subgroups of SO(3, 2) called the “optical
group” Opt(2, 1) of 2+1 dimensional Minkowski space. The algebra L0 was
already known to S. Lie [11, 12] as was its 6 dimensional subalgebra L˜0 =
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{X1, X2, X3, X4, X5, X7}. The algebras L,L0, L˜0 are the only finite dimensional
Lie algebras of contact transformations of a complex plane (other than point
transformations) [11, 12].
3 Contact symmetries of an O∆S as point sym-
metries of a lower order system?
Let us now try to produce an analogue of contact transformations for a difference
system in the same manner as we did for the ODE (2.9) in Section 2.
We again start from the subalgebra L0 = {X1, . . . X7} and look for a dif-
ference system that allows L0 as a Lie point symmetry algebra. We use the
formalism for symmetries of O∆S as outlined in [1, 5, 8]. The idea is to con-
struct a 3 point difference system
Ea({xk, uk, vk}k=n,n+1,n+2) = 0, a = 1, 2, 3 (3.1)
which has L0 as its symmetry algebra and reduces to the system (2.10) in the
continuous limit.
In order to facilitate the continuous limit we use the variables
xn, hn+1 = xn+1 − xn, hn+2 = xn+2 − xn+1
un, p
(1)
n+1 =
un+1−un
xn+1−xn
, p
(2)
n+2 = 2
p
(1)
n+2 − p
(1)
n+1
xn+2 − xn
(3.2)
vn, q
(1)
n+1 =
vn+1−vn
xn+1−xn
, q
(2)
n+2 = 2
q
(1)
n+2 − q
(1)
n+1
xn+2 − xn
instead of xn+k, yn+k, k = 0, 1, 2.
The relevant prolongations of the vector fields in the variables have the form:
prX = ξn∂xn + φn∂un + ψn∂vn + φ
(1)
n+1∂p(1)
n+1
+ ψ
(1)
n+1∂q(1)
n+1
+ φ
(2)
n+2∂p(2)
n+2
+ ψ
(2)
n+2∂q(2)
n+2
+ λ(1)∂hn+1 + λ
(2)∂hn+2 .
Here λ(k), φ(k) and ψ(k) are calculated using the results given in I, namely
λ(k) = ξn+k − ξn+k−1 (3.3)
φ
(k)
n+k =
k∑k
j=1 hn+j
hn+k∆
Tφ
(k−1)
n+k−1 − p
(k)
n+k
1∑k
j=1 hn+j
k∑
j=1
hn+j∆
T ξn+j−1
ψ
(k)
n+k =
k∑k
j=1 hn+j
hn+k∆
Tψ
(k−1)
n+k−1 − q
(k)
n+k
1∑k
j=1 hn+j
k∑
j=1
hn+j∆
T ξn+j−1
where ∆T is the total difference operator
∆TF (xn, un, vn, p
(1)
n+1, q
(1)
n+1, ...) =
1
hn+1
{F (xn+1, un+1, vn+1, p
(1)
n+2, q
(1)
n+2, ...)
−F (xn, un, vn, p
(1)
n+1, q
(1)
n+1, ...)}. (3.4)
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More specifically we have
prX1 = ∂un (3.5)
prX2 = xn∂un + ∂vn + ∂p(1)
n+1
prX3 = ∂xn
prX4 = x
2
n∂un + 2xn∂vn + (2xn + hn+1)∂p(1)
n+1
+ 2∂
q
(1)
n+1
+ 2∂
p
(2)
n+2
prX5 = xn∂xn − vn∂vn − p
(1)
n+1∂p(1)
n+1
− 2q
(1)
n+1∂q(1)
n+1
− 2p
(2)
n+2∂p2)
n+2
− 3q
(2)
n+2∂q(2)
n+2
+hn+1∂hn+1 + hn+2∂hn+2
prX6 = un∂un + vn∂vn + p
(1)
n+1∂p(1)
n+1
+ q
(1)
n+1∂q(1)
n+1
+ p
(2)
n+2∂p(2)
n+2
+ q
(2)
n+2∂q(2)
n+2
prX7 = 2vn∂xn + v
2
n∂un + 2hn+1q
(1)
n+1∂hn+1
+2hn+2(q
(1)
n+1 +
hn+1 + hn+2
2
q
(2)
n+2)∂hn+2
+(2vnq
(1)
n+1 − 2p
(1)
n+1q
(1)
n+1 + hn+1(q
(1)
n+1)
2)∂
p
(1)
n+1
−2(q
(1)
n+1)
2∂
q
(1)
n+1
+φ
(2)
n+2∂p(2)
n+2
+ ψ
(2)
n+2∂q(2)
n+2
where
φ
(2)
n+2 = 2q
(1)
n+1q
(2)
n+2hn+1 − hn+1p
(2)
n+2q
(2)
n+2 +
1
2
(q
(2)
n+2)
2(hn+2)
2 + 2(q
(1)
n+1)
2
+2vnq
(2)
n+2 + 2q
(1)
n+1q
(2)
n+2hn+2 − 2hn+2p
(2)
n+2q
(2)
n+2
+
1
2
(q
(2)
n+2)
2hn+2hn+1
−4p
(2)
n+2q
(1)
n+1 − 2p
(1)
n+1q
(2)
n+2
ψ
(2)
n+2 = −hn+1(q
(2)
n+2)
2 − 2hn+2(q
(2)
n+2)
2 − 6q
(1)
n+1q
(2)
n+2.
To calculate invariants of the subgroup corresponding to (3.5) we impose
prXaF (xn, un, vn, p
(1)
n+1, q
(1)
n+1, p
(2)
n+2, q
(2)
n+2, hn+1, hn+2) = 0, (3.6)
a = 1, . . . , 7.
In matrix form (3.6) can be written as
MUd = 0, U
T
d = (Fxn , Fun , Fvn , Fp(1)
n+1
, F
q
(1)
n+1
, F
p
(2)
n+2
, F
q
(2)
n+2
, Fhn+1 , Fhn+2).
As in the continuous case, to get a sufficient number of invariants we must
restrict to an invariant manifold on which the rank of M is r(M) = 5, rather
than r(M) = 7 as in the generic case. The invariant manifold in this case is
given by
I1 = p
(1)
n+1 − vn −
1
2
q
(1)
n+1 = 0, I2 = q
(2)
n+2 = 0. (3.7)
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and on this manifold the invariants are
I1 = 0, I2 = 0
I3 =
hn+2
hn+1
, I4 = (hn+1)
2(p
(2)
n+2 − q
(1)
n+1) (3.8)
An invariant difference scheme that reduces to the system (2.2) in the continuous
limit hn+k → 0 is
p
(1)
n+1 − vn −
1
2
hn+1q
(1)
n+1 = 0, q
(2)
n+2 = 0, hn+2 = chn+1 (3.9)
where c is an arbitrary real constant and in particular c = 1 corresponds to a
uniform lattice.
The O∆S (3.9) is invariant under the group G0.
Let us now eliminate the variable vn from the system (3.9). Taking the
discrete derivative of the first equation in (3.9) and using the second equation
q
(2)
n+2 = 0 we obtain
q
(1)
n+1 = p
(2)
n+2 (3.10)
thus I1 = I2 = 0 implies I4 = 0 in (3.8). Taking the discrete derivative of 3.10
we obtain
q
(2)
n+2 =
2(hn+1 + hn+2 + hn+3)
3(hn+1 + hn+2)
p
(3)
n+3 (3.11)
and hence we have
p
(3)
n+3 = 0, hn+2 = chn+1 (3.12)
as a consequence of (3.9).
The difference system (3.9), together with its difference consequence (3.10) is
thus invariant under the Lie groupG0. Moreover, the equations I1 = I2 = I4 = 0
are invariant under the entire group G ∼ O(3, 2) however I3 = c is invariant
only under G0 ∼ Opt(2, 1). For the system (3.9) G and G0 are groups of point
transformations.
Now let us consider the third order difference scheme
p
(3)
n+3 = 0, hn+2 = chn+1. (3.13)
We can obtain its symmetry algebra from L0 by eliminating vn, q
(1)
n+1 and q
(2)
n+2
from all the expressions in (3.5). From (3.9) and (3.10) we have
vn = p
(1)
n+1 −
1
2
hn+1p
(2)
n+2. (3.14)
To get the actual vector fields of the symmetry algebra of the O∆S (3.12) (as
opposed to their prolongations) we need to keep only the coefficients of ∂xn and
∂un . From (3.5) we see that {X1, . . . , X6} remain as point transformations for
the O∆S, however X7 corresponds to a contact transformation
X7 =
(
p
(1)
n+1 −
1
2
hn+1p
(2)
n+2
)
∂xn +
(
p
(1)
n+1 −
1
2
hn+1p
(2)
n+2
)2
∂un . (3.15)
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The third prolongation of X7 will have the form
prX7 = X7+φ
(1)∂
p
(1)
n+1
+φ(2)∂
p
(2)
n+2
+φ(3)∂
p
(3)
n+3
+λ(1)∂hn+1+λ
(2)∂hn+2+λ
(3)∂hn+3
(3.16)
The coefficients φ(k), λ(k) in (3.16) were calculated using Maple and they are
too long to reproduce here. The important fact is that we have
φ(k) = φ(k)(p
(j+2)
n+j+2, hn+j+2), 0 ≤ j ≤ k (3.17)
λ(k) = λ(k)(p
(j)
n+j+2, hn+j+2). (3.18)
Thus the algebra cannot be integrated to Lie group as shown in general in our
previous article [1].
However, on the solution set of the O∆S (3.13) we have p
(3)
n+3 = 0 and
pr(3)X7 (3.16) simplifies to
prX7|p(3)
n+3=0
= (p
(1)
n+1 −
1
2
hn+1p
(2)
n+2)∂xn + (p
(1)
n+1 −
1
2
hn+1p
(2)
n+2)
2∂un
+0 ∂
p
(1)
n+1
− (p
(2)
n+2)
2∂
p
(2)
n+2
+ 0 ∂
p
(3)
n+3
(3.19)
+p
(2)
n+2(hn+1∂hn+1 + hn+2∂hn+2 + hn+3∂hn+3).
This can be integrated to give a one parameter group of contact transformations,
namely
x˜n = xn + λ
(
p
(1)
n+1 −
1
2
hn+1p
(2)
n+2
)
u˜n = un +
1
2
λ
(
p
(1)
n+1 −
1
2
hn+1p
(2)
n+2
)2
(3.20)
p˜
(1)
n+1 = p
(1)
n+1, p˜
(2)
n+2 =
p
(2)
n+2
1 + λp
(2)
n+2
, p˜
(3)
n+3 = p
(3)
n+3
h˜
(k)
n+k = hn+k(1 + λp
(2)
n+2), k = 1, 2, 3.
In the continuous case we obtain
x˜ = x+ λux, u˜ = u+
1
2
λ(ux)
2, u˜x˜ = ux. (3.21)
It is easy to see that the (3.21) leaves the ODE (2.9) invariant and the O∆S
(3.13) is invariant under the transformation (3.20)
4 Conclusions
The main conclusion is that the definition of contact symmetries for difference
schemes given in [1] was too restrictive. It required that the Lie algebra of
contact transformations be integrable to a Lie group on the entire jet space.
Let us propose a less restrictive definition
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Definition 4.1 The vector fields (1.2) where ξn and φn are functions of
{xn+j , yn+j, j = 1, . . . J} form a Lie algebra of contact symmetries of O∆S
(1.1) if they satisfy the following conditions
•
pr(N)XEa|E1=E2 = 0, a = 1, 2; (4.1)
• At least one of the vector fields in the Lie algebra has J ≥ 2;
• The Lie algebra should be integrable to a Lie group at least on the invariant
surface defined by the O∆S (1.1);
• In the continuous limit the symmetry algebra and Lie group reduce to a
Lie algebra and group of contact symmetries of the corresponding ODE.
The algebra (3.5) constructed in Section 3 is the algebra of contact symme-
tries of the O∆S (3.12). This provides an example of the fact that Definition 1
is not empty: such contact symmetries of O∆S do exist!
Some more specific conclusions concerning the example of ODE y′′′ = 0 can
be drawn.
• The ODE (2.9) has a 10 dimensional symmetry group of contact trans-
formations G. The O∆S (3.12) is only invariant under a 7-dimensional
subgroup of contact transformations G0 ⊂ G. The equation p
(3)
n+3 = 0
is actually invariant under the larger group G, but the lattice condition
hn+2 = chn+1 is only invariant under G0.
The situation is similar for the second order equation y′′ = 0. The ODE
is invariant under the group SL(3,R) of point transformations. The cor-
responding O∆S is invariant under a 6-dimensional subgroup of SL(3,R)
isomorphic to the group of general affine transformations of R2 [6].
• The Lie algebras of point symmetries of the O∆S and the ODE are real-
ized by identical vector fields (with the correspondence (x, y)↔ (xn, yn).
The contact symmetry is however different: the derivative p = u′ is not
replaced by p
(1)
n+1 but by p
(1)
n+1 −
1
2hnp
(2)
n+2 (see (3.15) as opposed to X7 in
(2.11)).
• The contact transformation X7 for the O∆S (3.12) involves “second order
contact”, i.e. ξn and φn in (3.15) depend on p
(1)
n+1 and p
(2)
n+2. In the
continuous limit hn+1 → 0 this reduces to first order contact (p = ux
only). This is in agreement with Ba¨cklund’s theorem stating that contact
transformations for an ODE are of most of order 1 [7].
In [9] the authors introduced the concept of “internal” and “external” sym-
metries. External symmetries are defined on the entire jet space, internal ones
only on the submanifold of the solutions of the equation. External symme-
tries refer only to strong invariants, internal symmetries also to weak ones. As
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stressed in [9] Ba¨cklund’s theorem [7] actually only applies to external symme-
tries.
In [1] we have shown that the only external symmetries of an O∆S are point
ones. Here we have shown that the O∆S can allow a class of higher symmetries
that reduces to contact ones in the continuous limit. In the terminology of Ref
[9] these are internal symmetries. They do not necessarily depend only on first
order discrete derivatives.
It remains to determine whether this class of higher symmetries is actually
useful, in particular whether it can be used to obtain solutions of ordinary
difference schemes. To answer this question we are planning to study symmetry
preserving discretizations of nontrivial ODEs that allow symmetry groups of
genuine contact transformations [13].
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